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DESTRUCTION OF LAGRANGIAN TORUS FOR POSITIVE
DEFINITE HAMILTONIAN SYSTEMS
Chong-Qing Cheng & Lin Wang
Abstract. For an integrable Hamiltonian H0 =
1
2
∑d
i=1
y2
i
(d ≥ 2), we show
that any Lagrangian torus with a given unique rotation vector can be destruc-
ted by arbitrarily C2d−δ-small perturbations. In contrast with it, it has been
shown that KAM torus with constant type frequency persists under C2d+δ-small
perturbations ([P]).
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1. Introduction and main result
For exact and area-preserving twist maps on annulus, it was proved by Herman
in [H1] that invariant circles can be destructed by C3−δ arbitrarily small perturba-
tions where δ is a small positive constant. A variational proof of a similar result was
provided in [W]. For certain rotation numbers, it was obtained by Mather (resp.
Forni) in [Ma1] (resp. [F]) that the invariant circles with those rotation numbers can
be destroyed by small perturbations in finer topology respectively. More precisely,
Mather considered Liouville rotation numbers and the topology of the perturbation
induced by C∞ metric. Forni was concerned about more special rotation numbers
which can be approximated by rational ones exponentially and the topology of the
perturbation induced by the supremum norm of Cω (real-analytic) function. For
certain positive definite systems with d-degrees of freedom, Herman found that all
invariant Lagrangian tori can be destructed by Cd+1−δ arbitrarily small pertur-
bation in [H3], where Lagrangian torus is a natural analogy to invariant circle in
multi-degrees of freedom (see Definition 1.3 below).
In contrast with it, the KAM theory claims the existence of d-dimensional in-
variant tori in nearly integrable systems with d degrees of freedom. More precisely,
Moser proved that the invariant circle with constant type frequency of an integrable
area-preserving twist map is persisted under arbitrarily small perturbations in the
C333 topology ([Mo1]). Due to the efforts of Moser, Ru¨ssman, Herman and Po¨schel
([H1, H2, Mo2, Mo3, P, R1, R2]), it was obtained that certain invariant tori are per-
sisted under arbitrarily small perturbations in the C2d+δ topology for Hamiltonian
systems with d-degrees of freedom under non-degeneracy conditions. In particu-
lar, Herman proved in [H2] that for area-preserving twist maps on annulus, certain
invariant circles can be persisted under arbitrarily small perturbations in the C3
topology.
Comparing the results on both directions, it is natural to ask whether the
C2d+δ condition can be reduced to Cr condition (r ≤ 2d) to ensure the existence
1
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of Lagrangian torus. In [C], it was proved that KAM torus with a given rotation
vector does not exist if one carefully construct perturbations arbitrarily small in
C2d−δ topology. But this does not imply non-existence of invariant Lagrangian
torus. Indeed, it exists in the example in [C].
In this paper we prove the following:
Theorem 1.1 Given an integrable Hamiltonian H0(y) =
1
2
∑d
i=1 y
2
i (d ≥ 2), a rota-
tion vector ω and a small positive constant δ, there exists a sequence of C∞ Hamil-
tonians {Hn(x, y)}n∈N such that Hn(x, y)→ H0(y) uniformly in C2d−δ topology and
the Hamiltonian flow generated by Hn(x, y) does not admit any Lagrangian torus
with the rotation vector ω, where (x, y) ∈ Td × Rd and ω ∈ Rd.
This theorem implies that the rigidity of the Lagrangian torus is as the same
as for the KAM torus. Roughly speaking, if no Lagrangian torus with the rotation
vector ω survives under an arbitrarily small perturbation in Cr topology, the maxi-
mum of r is closely related to the arithmetic property of the rotation vector ω. If ω
is a constant type vector, then r is at most 2d− δ. If ω is a Liouville vector, then r
can be arbitrarily large. If ω can be approximated exponentially by rational vectors,
then no Lagrangian torus with the rotation vector ω survives under an arbitrarily
small perturbation in Cω topology (see [Be]).
In T∗Td, a submanifold T d is called a Lagrangian torus if it is diffeomorphic to
the torus Td and the non-degenerate closed 2-form vanishes on it. For positive defi-
nite Hamiltonian systems, if a Lagrangian torus is invariant under the Hamiltonian
flow, it is then a graph over Td (see [BP]). An example of Lagrangian torus is any
KAM torus.
Definition 1.2 T¯ d is called a d-dimensional KAM torus if
• T¯ d is a Lipschitz graph over Td;
• T¯ d is invariant under the Hamiltonian flow ΦHt generated by the Hamiltonian
function H;
• there exists a diffeomorphism φ : Td → T¯ d such that φ−1 ◦ ΦtH ◦ φ = Rtω for
any t ∈ R, where Rtω : x→ x+ ωt and ω is called the rotation vector of T¯ d.
Generally, the rotation vector of the Lagrangian torus is not well defined if the
Lagrangian torus contains several invariant sets with different rotation vectors. In
this paper, we are only concerned with Lagrangian tori with given unique rotation
vectors.
Definition 1.3 T d is called a d-dimensional Lagrangian torus with the rotation
vector ω if
• T d is a Lagrangian submanifold;
• T d is invariant for the Hamiltonian flow ΦtH generated by H.
• each orbit on T d has the same rotation vector.
In order to use a variational method, we recall the definition of action mini-
mizing orbit for a positive definite Lagrangian system L(x, v) satisfying superlinear
growth with respect to |v|x (see [?]).
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Definition 1.4 An orbit γ ∈ Cac([t1, t2],Td) (absolutely continuous) is called an
action minimizing curve for L on [t1, t2] if∫ t2
t1
L(γ(t), γ˙(t))dt ≤
∫ t2
t1
L(γ¯(t), ˙¯γ(t))dt,
for every γ¯ ∈ Cac([t1, t2],Td) satisfying
• γ(t1) = γ¯(t1), γ(t2) = γ¯(t2);
• γ and γ¯ are in the same homotopy class, equivalently, their lifts to Rd connect
the same points.
In [H4], it is proved that each orbit on T d is an action minimizing curve. Ac-
tually, in order to prove Theorem 1.1, we only need the following properties of
Lagrangian torus:
• it is a Lipschitz graph;
• every point possesses an action minimizing orbit with rotation vector ω.
A rotation vector ω ∈ Rd is called resonant if there exists k ∈ Zd such that
〈ω, k〉 = 0. Otherwise, it is non-resonant. The following approximation of the
rotation vector is found in [C]. For any given vector ω ∈ Rd with d ≥ 2, there is a
sequence of integer vectors kn ∈ Zd with |kn| → ∞ as n→∞ such that
(1.1) |〈ω, kn〉| < C|kn|d−1 ,
where C is a constant independent of n and | · | denotes Euclidean norm, i.e. |k| =
(
∑d
j=1 k
2
i )
1/2 for k = (k1, k2, . . . , kd). (we fix the norm once and for all.) If ω is non-
resonant, this sequence contains infinitely many indivisible integer vectors. Here, we
call the integer vector k ∈ Zd indivisible integer vector if λk /∈ Zd whenever |λ| < 1.
Since a generic hyperbolic perturbation results in the transversality between
the stable manifold and the unstable manifold, a Lagrangian torus with resonant
rotation vector can be destructed by analytic perturbation arbitrarily close to zero.
Hence, it is sufficient to consider a Lagrangian torus with non-resonant rotation
vector.
The system we consider consists of one pendulum, a rotator with d− 1 degrees
of freedom and a perturbation coupling of them. By the transforation of coordinates
(see (3.2)), the system with a given rotation vector ω can be reduced to the case
with the rotation vector having a small first coordinate and a suitable large second
coordinate. With variational methods, the full action of the system and the action
of the pendulum near the separatrix are estimated. Moreover, it is obtained that
there exists a point such that no orbit pass through it. Based on the correspondence
between the two cases before and after the transformation (Lemma 3.2), it is achieved
that the original system admits no Lagrangian torus with the rotation vector ω.
The paper is outlined as follows. In Section 2, we prove Theorem 1.1 for a
special case with the rotation vector having a small first coordinate and a suitable
large second coordinate. In Section 3, the transformation of the coordinates is given
and based on that, we complete the proof of Theorem 1.1.
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2. Destruction of Lagrangian torus with a special rotation vector
After a suitable transformation of coordinates, the problem with a given rotation
vector ω can be reduced to the case with the rotation vector having a small first
coordinate and a suitable large second coordinate. In this section, we will prove
Theorem 1.1 for that case.
The Hamiltonian function we consider here is nearly integrable
(2.1) Hn(q, p) = H0(p)− Pn(q),
where (q, p) ∈ Td × Rd. For the sake of simplicity, we assume
H0(p) =
1
2
|p|2.
Since Hn is strictly convex with respect to p, by the Legendre transformation,
the Lagrangian function corresponding to Hn is
(2.2) Ln(q, q˙) =
1
2
|q˙|2 + Pn(q),
where q˙ = ∂H0∂p and q = (q1, q2, . . . , qd).
Let
Pn(q) =
1
na
(1− cos q1) + vn (q1, q2) ,
where a is a positive constant independent of n. For the rotation vector ω =
(ω1, . . . , ωd), vn(q1, q2) is constructed as follow
(2.3)


vn is 2π-periodic,
supp vn ∩ {[0, 2π] × [−π, π]} = BRn(q∗),
max(q1,q2)∈[0,2π]×[−π,π] vn = vn(q
∗) = |ω1|s,
||vn||Cr ∼ |ω1|s
′
,
where Rn =
|ω1|
n2
, q∗ = (π, 0) and we require s′ > 4, it can be satisfied for s suitable
large. f ∼ g means that 1C g < f < Cg holds for some constant C > 1,
For (2.1), we have the following lemma.
Lemma 2.1 For n large enough, the Hamiltonian flow generated by Hn(q, p) does
not admit any Lagrangian torus with rotation vector ω = (ω1, . . . , ωd) satisfying
|ω1| < n−
a
2
−ǫ and |ω2| ∼ n,
where ǫ > 0 is independent of n.
Lemma 2.1 will be proved with variational method in Subsection 2.3. First of all,
we put it into the Lagrangian formalism. Let σn = n
−a. The Lagrangian function
corresponding to (2.2) is
Ln
(
q1, Q, q˙1, Q˙
)
=
1
2
|Q˙|2 + 1
2
|q˙1|2 + σn(1− cos(q1)) + vn(q1, q2),(2.4)
where Q = (q2, . . . , qd). Ln(q1, Q, q˙1, Q˙) consists of one pendulum, a rotator with
d − 1 degrees of freedom and a perturbation coupling of them. The pendulum has
the following Lagrangian function
(2.5) An(q1, q˙1) =
1
2
|q˙1|2 + σn(1− cos(q1)),
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which corresponds to the Hamiltonian via Legendre transformation
(2.6) hn(q1, p1) =
1
2
|p1|2 − σn(1− cos q1).
2.1. The action of the simple pendulum
Each solution of the Lagrangian equation determined by An, denoted by q1(t),
determines an orbit (q1(t), p1(t)) of the Hamiltonian flow generated by hn. Each orbit
stays in certain energy level set (q1, p1) ∈ h−1n (e). Under the boundary condition that
q1(t0) = 0, q1(t1) = π (or q1(t1) = π, q1(t2) = 2π), there is a unique correspondence
between t1− t0 and the energy, denoted by e(t1− t0), such that the determined orbit
stays in the energy level set h−1n (e(t1 − t0)). More precisely, we have the following
lemma.
Lemma 2.2 Let q¯1 be the solution of An on (t0, t¯1) satisfying the boundary condi-
tions {
q¯1(t0) = 0,
q¯1(t¯1) = π,
e(t¯1 − t0) be the energy of q¯1, i.e. (q¯1, p¯1) ∈ h−1n (e(t¯1 − t0)) and ω1 be the average
speed of q¯1 on (t0, t¯1). If |ω1| < n− a2−ǫ, then
(2.7) e(t¯1 − t0) ∼ σn exp
(
−C
√
σn
|ω1|
)
,
where σn = n
−a.
Proof By the definition, we have
1
2
| ˙¯q1|2 − σn(1− cos(q¯1)) = e(t¯1 − t0),
hence
| ˙¯q1| =
√
2(e(t¯1 − t0) + σn(1− cos(q¯1))).
Since q¯1(t0) = 0, then
e(t¯1 − t0) = 1
2
| ˙¯q1(t0)|2 ≤ 1
2
|ω1|2 ∼ n−a−2ǫ,
which together with σn = n
−a implies that σn/e(t¯1 − t0) ≫ 1. Since the average
speed of q¯1 is ω1, by a direct calculation, we have
π
|ω1| =
∫ t¯1
t0
dt =
∫ π
0
dq¯1√
2(e(t¯1 − t0) + σn(1− cos(q¯1)))
∼ 1√
σn
ln
(
σn
e(t¯1 − t0)
)
,
moreover,
e(t¯1 − t0) ∼ σn exp
(
−C
√
σn
|ω1|
)
,
which completes the proof of Lemma 2.2. 
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Remark 2.3 It is easy to see that Lemma 2.2 also holds for{
q¯1(t¯1) = π,
q¯1(t2) = 2π.
Moreover, we denote the difference of time by ∆t, then e(∆t) is an decreasing func-
tion with respect to ∆t ≥ 0 for any ω1 ∈ R.
The following lemma implies that the actions along orbits in the neighborhood
of the separatrix of the pendulum does not change too much with respect to a small
change in speed (time).
Lemma 2.4 Let t¯1, t˜1 ∈ [t0, t2]. Let q¯1(t) be a solution of An on (t0, t¯1) and (t¯1, t2)
with boundary conditions respectively{
q¯1(t0) = 0,
q¯1(t¯1) = π,
{
q¯1(t¯1) = π,
q¯1(t2) = 2π,
and let q˜1(t) be a solution of An on (t0, t˜1) and (t˜1, t2) with boundary conditions
respectively {
q˜1(t0) = 0,
q˜1(t˜1) = π,
{
q˜1(t˜1) = π,
q˜1(t2) = 2π.
Let ω¯′1 and ω¯
′′
1 be the average speed of q¯1 on (t0, t¯1) and (t¯1, t2) respectively. Let ω˜
′
1
and ω˜′′1 be the average speed of q˜1 on (t0, t˜1) and (t˜1, t2) respectively. We set
|ω1| = max
{|ω¯′1|, |ω¯′′1 |, |ω˜′1|, |ω˜′′1 |} .
If |ω1| < n− a2−ǫ, then
(2.8)
∣∣∣∣
∫ t2
t0
An(q¯1, ˙¯q1)dt−
∫ t2
t0
An(q˜1, ˙˜q1)dt
∣∣∣∣ ≤ C1|t¯1 − t˜1|σn exp
(
−C2
√
σn
|ω1|
)
.
Proof The proof follows the similar idea of Lemma 4 in [Be]. Let q1(t) be a
solution of An on (t0, t1) and (t1, t2) with boundary conditions respectively{
q1(t0) = 0,
q1(t1) = π,
{
q1(t1) = π,
q1(t2) = 2π.
We consider the function
L(t1) =
∫ t1
t0
An(q1, q˙1)dt+
∫ t2
t1
An(q1, q˙1)dt,
=
∫ π
0
√
2(e(t1 − t0) + V (q1))dq1 − e(t1 − t0)(t1 − t0)
+
∫ 2π
π
√
2(e(t2 − t1) + V (q1))dq1 − e(t2 − t1)(t2 − t1),
where
V (q1) = σn(1− cos(q1)),
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and e(∆t) denotes the energy of the orbit of the pendulum moving half a turn in
time ∆t. The quantity e(∆t) is differentiable with respect to ∆t, then
dL(t1)
dt1
=
∫ π
0
e˙(t1 − t0)√
2(e(t1 − t0) + V (q1))
dq1 − e˙(t1 − t0)(t1 − t0)
− e(t1 − t0)−
∫ 2π
π
e˙(t2 − t1)√
2(e(t2 − t1) + V (q1))
dq1
+ e˙(t2 − t1)(t2 − t1) + e(t2 − t1),
=
∫ t1
t0
e˙(t1 − t0)dt− e˙(t1 − t0)(t1 − t0)− e(t1 − t0)
−
∫ t2
t1
e˙(t2 − t1)dt+ e˙(t2 − t1)(t2 − t1) + e(t2 − t1),
=e(t2 − t1)− e(t1 − t0).
(2.9)
Thus, we have ∣∣∣∣dL(t1)dt1
∣∣∣∣ ≤ |e(t2 − t1)|+ |e(t1 − t0)|.
Integrate from t¯1 to t˜1 and from (2.7), it follows that∣∣∣∣
∫ t2
t0
An(q¯1, ˙¯q1)dt−
∫ t2
t0
An(q˜1, ˙˜q1)dt
∣∣∣∣ ≤ C1|t¯1 − t˜1|σn exp
(
−C2
√
σn
|ω1|
)
,
which completes the proof of Lemma 2.4. 
Remark 2.5 Since (2.9) holds for any ω1 ∈ R, combining with the monotonicity
of e(∆t), it is easy to draw the following figure for L(t). L(t) is decreasing for
t ∈ (t0, t0+t22 ] and increasing for t ∈ [ t0+t22 , t2). See Fig.1
L(t)
t0
t0+t2
2
t2
Figure 1: L(t)
2.2. The velocity of the action minimizing orbit
Once the function q1(t) is fixed, the function Q(t) is the solution of the Euler-
Lagrange equation with the non autonomous Lagrangian
(2.10) Lˆn(Q(t), Q˙(t), t) =
1
2
|Q˙(t)|2 + vn (q1(t), q2(t)) ,
where Q(t) = (q2(t), . . . , qd(t)). The first derivative of Lˆn(Q(t), Q˙(t), t) with respect
to Q is easy to obtained as follows:
∂Lˆn
∂q2
=
∂vn
∂q2
(q1(t), q2(t)) and
∂Lˆn
∂qi
= 0 for i = 3, . . . , d.
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From the construction of vn (see (2.3)), we have ||vn||Cr ∼ |ω1|s′ . It follows from
s′ > 4 that ∣∣∣∣∣∂Lˆn∂qi
∣∣∣∣∣ ≤ C|ω1|4 for i = 2, . . . , d..
Based on the periodicity of Lˆn(Q(t), Q˙(t), t), by Lemma 2 of [BK], we have the
following estimate.
Lemma 2.6 Let (q1(t), Q(t)) be the action minimizing orbit of Ln with rotation
vector ω, then for any t′, t′′ ∈ R and t ∈ [t′, t′′] we have
(2.11)
∣∣∣∣Q˙(t)− Q(t′′)−Q(t′)t′′ − t′
∣∣∣∣ ≤ C|ω1|2.
2.3. Proof of Lemma 2.1
If the Hamiltonian flow generated by Hn admits a Lagrangian torus with non-
resonant rotation vector ω, then there is a unique minimal curve q(t) with rotation
vector ω passing through each x ∈ Td since the Lagrangian torus is a graph. By
[H4], each orbit on the Lagrangian torus is an action minimizing curve. Hence, it is
sufficient to prove the existence of some point in Td where no minimal curve passes
through.
Indeed, any minimal curve does not pass through the subspace (π, 0) × Td−2,
which implies Lemma 2.1. Let us assume the contrary, namely, there exists t¯1 such
that
q1(t¯1) = π, q2(t¯1) = 0,
where q(t) = (q1, q2, . . . , qd)(t) is a minimal curve in the universal covering space R
d.
Because of ω1 6= 0, there exist t0 and t2 such that
q1(t0) = 0, q1(t2) = 2π.
Obviously, t0 < t¯1 < t2.
Claim t2 − t0 ∼ |ω1|−1.
Proof We assume by contradiction that t2 − t0 ∼ |ω¯1|−1 and without loss of gen-
erality, ω¯1 = o(|ω1|) as n → ∞. Moreover, for [t0, t¯1] and [t¯1, t2], there exists at
least one interval with the length not less than |ω¯1|−1, otherwise it is contradicted
by t2− t0 ∼ |ω¯1|−1. Without loss of generality, one can assume that t2− t¯1 > |ω¯1|−1.
From the definition of rotation vector, limt→∞(q1(t)− q1(t¯1))/(t− t¯1) = ω1, we
have that for any ǫ > 0, we can find tN > t2 such that
(2.12)
∣∣∣∣q1(tN )− q1(t¯1)tN − t¯1 − ω1
∣∣∣∣ ≤ ǫ and q1(tN ) = Nπ,
where N depends on n and N ≫ 2. Then we have
tN − t¯1 ∼ Nπ|ω1| .
We choose a sequence of times t2 < . . . < tN satisfying q1(ti) = iπ for i ∈ {2, . . . , N}.
Moreover, it follows from Pigeon hole principle that there exists j ∈ {2, . . . , N − 1}
such that
tj+1 − tj < |ω¯1|−1,
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where we consider the case q1(tj)mod2π = 0 and q1(tj+1)mod2π = π, the other
case is similar. Let q1(t¯
′
1) = π +Rn and q1(t
′
j+1) = (j + 1)π −Rn, where Rn is the
radius of the support of vn. By the minimality of q(t), there exist positive constants
C ′ and C ′′ such that t2 − t¯′1 > C ′|ω¯1|−1 and t′j+1 − tj < C ′′|ω¯1|−1. Hence, we can
substitute q1(t)|[t¯′
1
,t2] and q1(t)|[tj ,t′j+1] by the orbits qˆ1′(t), qˆ1′′(t) of the pendulum An
(see (2.5)) with more uniform motion. Correspondingly, we substitute q2(t)|[t¯′
1
,t2] and
q2(t)|[tj ,t′j+1] by the orbits qˆ2′(t), qˆ2′′(t) of uniform linear motion. From Remark 2.5,
the action of An will decrease based on the more uniform motion of the pendulum.
Since the motion of qˆ2′(t), qˆ2′′(t) are uniform linear , then the actions of
1
2 | ˙ˆq2′(t)|2
and 12 | ˙ˆq2′′(t)|2 are not greater than the action of 12 |q˙2(t)|2. More precisely, similar to
[Be], we denote
T =
1
2
(t2 − t¯′1 + t′j+1 − tj).
Let sj be the closest time to t
′
j+1−T such that q2(sj)−q2(tj) = l where l ∈ 2πZ. Since
|ω2| ∼ n, it follows from Lemma 2.6 that |t′j+1−T−sj| ≤ C/n. Let s2 = sj−(tj−t2).
Then qˆ1′(t) and qˆ1′′(t) are the solutions of An on (t¯
′
1, s2) and on (sj, t
′
j+1) with
boundary conditions respectively{
qˆ1′(t¯
′
1) = q1(t¯
′
1),
qˆ1′(s2) = q1(t2) = π,
{
qˆ1′′(sj) = q1(tj) = jπ,
qˆ1′′(t
′
j+1) = q1(t
′
j+1).
Correspondingly, we construct qˆ2′(t) and qˆ2′′(t) respectively

qˆ2′(t) = q2(t¯
′
1) +
q2(t2)−q2(t¯′1)+l
s2−t¯′1
(t− t¯′1), t ∈ [t¯′1, s2],
qˆ2′′(t) = q2(tj) + l +
q2(t′j+1)−q2(tj )−l
t′j+1−sj
(t− sj), t ∈ [sj, t′j+1].
Moreover, we set
qˆ1 := q1(t)|[t¯1,t¯′1] ∗ qˆ1′(t)|[t¯′1,s2] ∗ q1(t− s2 + t2)|[s2,sj ] ∗ qˆ1′′(t)|[sj ,t′j+1] ∗ q1(t)|[t′j+1,tj+1],
qˆ2 := q2(t)|[t¯1,t¯′1]∗qˆ2′(t)|[t¯′1,s2]∗
(
q2(t− s2 + t2)|[s2,sj ] + l
)
∗qˆ2′′(t)|[sj ,t′j+1]∗q2(t)|[t′j+1,tj+1],
where ∗ denotes the juxtaposition of curves. Let Qˆ = (qˆ2, q3, . . . , qd) and Q =
(q2, q3, . . . , qd). Then we have∫ tN
t¯1
Ln(qˆ1, Qˆ, ˙ˆq1,
˙ˆ
Q)dt <
∫ tN
t¯1
Ln(q1, Q, q˙1, Q˙)dt,
which is contradicted by the minimality of q(t). Hence, t2 − t0 ∼ |ω1|−1. 
Let t˜1 be the last time before t¯1 or the first time after t¯1 such that
|q2(t˜1)− q2(t¯1)| = π.
Since |ω1| is small enough for n large enough and |ω2| ∼ n, by Lemma 2.6, we have
that for t ∈ [t0, t2], |q˙2(t)| ∼ n,
|t˜1 − t¯1| ≤ C0
n
.
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Without loss of generality, one can assume ω1 > 0 and ω2 > 0. Consider a solution
q˜1 of An on (t0, t˜1) and on (t˜1, t2) with boundary conditions respectively{
q˜1(t0) = q1(t0) = 0,
q˜1(t˜1) = q1(t¯1) = π,
{
q˜1(t˜1) = q1(t¯1) = π,
q˜1(t2) = q1(t2) = 2π.
Since q is assumed to be a minimal curve, we have
(2.13)
∫ t2
t0
Ln(q˜1, Q, ˙˜q1, Q˙)dt−
∫ t2
t0
Ln(q1, Q, q˙1, Q˙)dt ≥ 0.
See Fig.2, where x1 = (q1(t¯1), q2(t¯1)) = (π, 0), x0 = (q1(t0), q2(t0)) = (0, q2(t0)),
x2 = (q1(t2), q2(t2)) = (2π, q2(t2)), x˜
′
1 = (π,−π) and x˜′′1 = (π, π).
· · · · · · · · · · · ·
0−pi pi
q1
q2
2pi
0
x0
x2
x1 x˜′′1x˜
′
1
Figure 2: The projections of the curves (q1(t), Q(t)) and (q˜1(t), Q(t)) on [0, 2π] ×R
(q˜1(t), q2(t)) passes through the point x˜
′
1 or x˜
′′
1. Thus, by the construction of
Ln, we obtain from (2.13) that
(2.14)
∫ t2
t0
An(q˜1, ˙˜q1)dt−
∫ t2
t0
An(q1, q˙1)dt ≥
∫ t2
t0
vn(q1, q2)dt−
∫ t2
t0
vn(q˜1, q2)dt.
By the definition of vn as (2.3), we have the following claim:
Claim (q˜1(t), q2(t)) /∈ supp vn for t ∈ (t0, t2).
Proof We assume by contradiction that there would exist tˆ such that (q˜1(tˆ), q2(tˆ)) ∈
supp vn, without loss of generality, one can assume tˆ > t˜1. By Lemma 2.6, for any
t ∈ [t˜1, tˆ],
q˙2(t) ≤ C1n,
hence,
tˆ− t˜1 ≥ C2
n
,
where C1, C2 are constants independent of n.
Let ω˜′1 and ω˜
′′
1 be the average speed of q˜1 on (t0, t˜1) and (t˜1, t2) respectively,
then
2π
|ω1| =
π
|ω˜′1|
+
π
|ω˜′′1 |
,
hence,
|ω˜′1| ≥
1
2
|ω1| and |ω˜′′1 | ≥
1
2
|ω1|,
which together with the Euler-Lagrange equation of q˜1(t) implies that for any t ∈
[t˜1, tˆ],
˙˜q1(t) ≥ C3|ω1|,
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consequently
|q˜1(tˆ)− q˜1(t˜1)| ≥ C4 |ω1|
n
,
where Rn is the radius of the support of vn. Since Rn =
|ω1|
n2
, then we have
|q˜1(tˆ)− q˜1(t˜1)| > Rn,
which is contradicted by the assumption (q˜1(tˆ), q2(tˆ)) ∈ supp vn. 
Hence, we have∫ t2
t0
vn(q1, q2)dt−
∫ t2
t0
vn(q˜1, q2)dt =
∫ t2
t0
vn(q1, q2)dt.
By the construction of vn and the minimality of (q1, Q), a simple calculation shows
(2.15)
∫ t2
t0
vn(q1, q2)dt ≥ |ω1|λ,
where λ is a positive constant. Consequently, if follows from (2.14) that
(2.16)
∫ t2
t0
An(q˜1, ˙˜q1)dt−
∫ t2
t0
An(q1, q˙1)dt ≥ |ω1|λ.
On the other hand, consider a solution q¯1 of An on (t0, t¯1) and on (t¯1, t2) with
boundary conditions respectively{
q¯1(t0) = q1(t0) = 0,
q¯1(t¯1) = q1(t¯1) = π,
{
q¯1(t¯1) = q1(t¯1) = π,
q¯1(t2) = q1(t2) = 2π.
For t ∈ (t0, t¯1) and (t¯1, t2) respectively, the action of An achieves the minima along
q¯1(t). Thus, we have ∫ t2
t0
An(q1, q˙1)dt ≥
∫ t2
t0
An(q¯1, ˙¯q1)dt.
We compare the action
∫ t2
t0
An(q˜1, ˙˜q1)dt with the action
∫ t2
t0
An(q¯1, ˙¯q1)dt in the
alternative cases, which is based on the choices of t˜1. See Fig.3, where t¯ =
t0+t2
2 .
t¯ t¯t¯ t¯1 t¯1t¯1
t˜1t˜1t˜1
Case 1 Case 2a Case 2b
Figure 3: The choices of t˜1
Case 1: |t¯1 − t¯| ≤ C0n .
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In this case, the average speed of q¯1 on (t0, t¯1) and (t¯1, t2) have the same quantity
order as |ω1|. By |t˜1 − t¯1| ≤ C0n , we have |t˜1 − t¯| ≤ 2C0n . Hence the average speed of
q˜1 on (t0, t˜1) and (t˜1, t2) have also the same quantity order as |ω1|. Thus, Lemma
2.4 implies
∫ t2
t0
An(q˜1, ˙˜q1)dt−
∫ t2
t0
An(q¯1, ˙¯q1)dt ≤ C5
n
σn exp
(
−C6
√
σn
|ω1|
)
.
Case 2: |t¯1 − t¯| > C0n .
In this case, we take t˜1 such that |t˜1 − t¯| ≤ |t¯1 − t¯|, which can be achieved by
the suitable choice of the position of q˜1(t˜1). More precisely,
• if t¯1 > t¯ + C0n (Case 2a in Fig.2), we choose t˜1 as the last time before t¯1,
corresponding to (q˜1(t˜1), q2(t˜1)) = x˜
′
1 in Fig.2;
• if t¯1 < t¯ − C0n (Case 2b in Fig.2), we choose t˜1 as the first time after t¯1,
corresponding to (q˜1(t˜1), q2(t˜1)) = x˜
′′
1 in Fig.2.
For Case 2a, t˜1 ∈ [t¯, t¯1]. For Case 2b, t˜1 ∈ [t¯1, t¯]. From Remark 2.5, it follows that
L(t˜1)− L(t¯) ≤ 0, i.e. ∫ t2
t0
An(q˜1, ˙˜q1)dt−
∫ t2
t0
An(q¯1, ˙¯q1)dt ≤ 0.
Hence, for any t¯1 ∈ (t0, t2), we can find t˜1 such that∫ t2
t0
An(q˜1, ˙˜q1)dt−
∫ t2
t0
An(q1, q˙1)dt ≤
∫ t2
t0
An(q˜1, ˙˜q1)dt−
∫ t2
t0
An(q¯1, ˙¯q1)dt,
≤ C5
n
σn exp
(
−C6
√
σn
|ω1|
)
.
Since
|ω1| ≤ n−
a
2
−ǫ.
It is easy to see that for n large enough,
C5
n
σn exp
(
−C6
√
σn
|ω1|
)
≤ |ω1|λ,
where σn = n
−a, which contradicts to (2.16) for large n. This completes the proof
of Lemma 2.1. 
3. Destruction of Lagrangian torus with an arbitrary rotation
vector
By (1.1), for every non resonant rotation vector ω = (ω1, . . . , ωd) (d ≥ 2), there
exists a sequence of integer vector kn ∈ Zd satisfying |kn| → ∞ as n→∞ such that
|〈kn, ω〉| < C|kn|d−1 .
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Lemma 3.1 There exists an integer vector k′n such that
(3.1) 〈kn, k′n〉 = 0, |k′n| ∼ |kn| and |〈k′n, ω〉| ∼ |kn|.
Proof For d = 2, Lemma 3.1 holds obviously. In fact, it suffices to consider
k′n ∈ Z3. Let k′n = (k′n1, k′n2, k′n3) be the integer vector satisfying (3.1), then for
k′n ∈ Zd, one can take k′n = (k′n1, k′n2, k′n3, 0, . . . , 0) to verify Lemma 3.1.
Since ω is non-resonant, then |kn| → ∞, for n → ∞. Let Π be the plane
orthogonal with respect to kn. Let SRα ⊂ Π be the sector with central point (0, 0, 0),
central angle α and radius R satisfying α ∼ 1. Let the angle between ω and one
of the radii of SRα be β, where β ∼ 1 and β ≫ α. Without loss of generality, we
assume kn1 · kn2 · kn3 6= 0. Let e1 = (−kn2, kn1, 0), e2 = (0,−kn3, kn2), then e1, e2
are the generators of the hyperplane 〈x, kn〉 = 0 and satisfy |e1| ≤ |kn|, |e2| ≤ |kn|.
Hence, we take R ∼ |kn|, then it is easy to see that the sector SRα contains at least
one integer point m = (m1,m2,m3) satisfying |m| ∼ |kn| for n large enough.
We take k′n = (m1 − 0,m2 − 0,m3 − 0), then |k′n| ∼ |kn|. Let θ be the angle
between k′n and ω, then θ ∼ 1. Hence,
|〈k′n, ω〉| = |k′n||ω|| cos θ| ∼ |kn|,
which together with 〈kn, k′n〉 = 0 and |k′n| ∼ |kn| implies that the integer satisfying
(3.1) does exist. 
3.1. Transformation of coordinates
By Lemma 3.1, we choose a sequence of kn ∈ Zd satisfying (1.1) and an integer
vector sequence k′n such that 〈k′n, kn〉 = 0, |k′n| ∼ |kn| and |〈k′n, ω〉| ∼ |kn|. In
addition, select d − 2 integer vectors ln3, . . . , lnd such that kn, k′n, ln3, . . . , lnd are
pairwise orthogonal. Let
(3.2) Kn = (kn, k
′
n, ln3, . . . , lnd)
t.
We choose the transformation of the coordinates
q = Knx.
Let p denotes the dual coordinate of q in the sense of Legendre transformation, i.e.
p = ∂L∂q˙ , it follows that
y = Ktnp,
where Ktn denotes the transpose of Kn. We set
Φn =
(
Kn
K−tn
)
,
then (
q
p
)
= Φn
(
x
y
)
.
It is easy to verify that
ΦtnJ0Φn = J0,
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where
J0 =
(
0 1
−1 0
)
,
where 1 denotes a d × d unit matrix. Hence, Φn is a symplectic transformation in
the phase space.
Lemma 3.2 If the Hamiltonian flow generated by H˜n(x, y) admits a Lagrangian
torus with rotation vector ω, then the Hamiltonian flow generated by Hn(q, p) also
admits a Lagrangian torus with rotation vector Knω, where (q, p)
t = Φn(x, y)
t.
Proof Let T˜ d be the Lagrangian torus admitted by H˜n(x, y), a symplectic
form Ω vanishes on TxT˜ d for every x ∈ T˜ d. Since Kn consists of integer vectors,
then T d := KnT˜ d is still a torus. Φn is a symplectic transformation, hence T d is
a Lagrangian torus. From Definition 1.3, each orbit on T˜ d has the same rotation
vector ω. Let γ˜(t) be a lift of an orbit on T˜ d, it follows that
ω = lim
t→∞
γ˜(t)− γ˜(−t)
2t
.
For γ(t) = Knγ˜(t), we have
lim
t→∞
γ(t)− γ(−t)
2t
= lim
t→∞
Knγ˜(t)−Knγ˜(−t)
2t
;
= Kn lim
t→∞
γ˜(t)− γ˜(−t)
2t
;
= Knω.
This completes the proof. 
3.2. Proof of Theorem 1.1
We construct H˜n(x, y) as follow:
(3.3) H˜n(x, y) =
1
2
|y|2 − P˜n(x),
where
P˜n(x) =
1
|kn|a+2 (1− cos〈kn, x〉) +
1
|kn|2 vn
(〈kn, x〉, 〈k′n, x〉) ,
where k′n is the second row of Kn and vn is defined by (2.3). Let q = Knx. In
particular, we have
(3.4)
{
q1 = 〈kn, x〉,
q2 = 〈k′n, x〉.
By the transformation of coordinates and the Legendre transformation, the La-
grangian function corresponding to (3.3) is
Ln
(
q1, Q, q˙1, Q˙
)
=
1
2
d∑
i=3
|q˙i|2
|lni|2 +
|q˙2|2
2|k′n|2
+
1
|kn|2
(
1
2
|q˙1|2 + 1|kn|a (1− cos(q1)) + vn(q1, q2)
)
,
(3.5)
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where Q = (q2, . . . , qd).
For the Hamiltonian flow generated by (3.3), by Lemma 3.2, for the destruction
of the Lagrangian torus T˜ d with rotation vector ω, it is sufficient to prove that the
Euler-Lagrange flow generated by (3.5) admits no the Lagrangian torus T d := KnT˜ d
with rotation vector Knω. Let Knω = (ω1, . . . , ωd).
Replacing n by |kn| in the proof of Lemma 2.1, we have that the Euler-Lagrange
flow generated by (3.5) does not admit any Lagrangian torus with rotation vector
satisfying
|ω1| < |kn|−
a
2
−ǫ.
Here, it should be noted that since |k′n| ∼ |kn| and the argument in Section 2 only
involves first two components of the system, then it still holds for (3.5). From the
construction of Kn, |ω1| = |〈kn, ω〉| which together with (1.1) implies
|ω1| < C|kn|d−1 .
Based on Lemma 2.1, it suffices to take
C
|kn|d−1 ≤ |kn|
− a
2
−ǫ,
which implies
(3.6) a < 2d− 2− 2ǫ.
It follows from (2.3) and (3.3) that
||H˜n(x, y)−H0(y)||Cr
= ||P˜n(x)||Cr ,
= |kn|−2
(|kn|−a||1 − cos〈kn, x〉||Cr + ||vn(〈kn, x〉, 〈k′n, x〉)||Cr) ,
≤ |kn|−2
(
C1|kn|−a+r + C2|kn|−s′(d−1)+r
)
,
≤ C3
(
|kn|r−a−2 + |kn|r−3(d−1)−2
)
,
where σ is a small positive constant independent of n. To complete the proof of
Theorem 1.1, it is enough to make r − a − 2 < 0 and r − 3(d − 1) − 2 < 0, which
together with (3.6) implies
r < 2d− 2ǫ.
Taking δ = 3ǫ, this completes the proof of Theorem 1.1. 
Remark 3.3 Based on the strategy of the proof, it is easy to see that the com-
pletely integrable part 12 |y|2 of (3.3) can be generalized to 12 〈My, y〉, where M =
diag(m1, . . . ,md) and mi (i = 1, . . . , d) are positive constants independent of n. If
M is a general positive definite matrix, some technical difficulties would appear.
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